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Log-returns of stocks and ¢-Gaussian distributions
an application to risk assessment
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Abstract:
distribution estimated from them. Because it is not easy to infer its tail shape due to a lack of

We propose a method to assess the risk of financial time series with an unconditional

data in a practical manner, we adapt a parametric method with a ¢-Gaussian distribution. We
introduce Value-at-Risk (VaR) to measure risk and compare it with variance under the ¢-Gaussian
assumption. We examine performance of the maximum likelihood estimator with the ¢g-Gaussian
log-likelihood function. By using the distribution estimates, we compute the errors, defined as
the difference between estimation and the real value. Finally,we conduct an empirical analysis on
log-returns of a stock traded in the Tokyo Stock Exchange by using the proposed method.

1 10 0,000000000000 VvaROOODOOOOO

0000000 D00DoOog fat-taill OO0 OO, O
O¢-GaussOOODODOODOODOOODODOODOOO
OO0 [1]. 00, ¢Gauss 000 Gauss OO OO OOO
X2|:||:||:|DDDDDDDDDDDDDDDDDDDD
000000000 2. o0o00OoOO0,000000
000,000000000000000 ¢-GaussO O
goooooooboobbbbbbooooooooo
gd.

00,¢GaussO00D00O00OO00ODOOOODO fat-tail
000000000,00000000000A0, tail
dooooooooobbbbbbooooooooao
godod. oo ooooooooooood
ogoooooo,0b00boobooouooobon
0000000 fat-tall DO O OODOOO,000000
gooboooboo.ooob,o0b0oooboooo
000 Value-at-Risk(VaR) 00O O0OO0O00OO.

0000D0,000000 ¢-GaussOOOoooOO
00000DoOOoOoooOoooooOo, vaRoOOoad
dooooooooobo,0000gogg Varood
ooooboooobobooobD. oo, o00boooa
0ooooog,000oobobooooooooa
goddoooooooobobobbo,oooooood
VaROOOOOOOOooooooo. ooooooo,
goooooobooobooooobboooood

*JO0O000o0oooooo0o0oooooooooooog
0000000 606-8501 DO D OODOOODOODOO
000000 E-mail: akiQi.kyoto-u.ac.jp

gpooo.

00000000 0O00O0ObOO,000 Box-Muller
000000000 ¢g-Gaussian OO O ODOOODO g¢-
GaussUODOOOODOOOOODOOO,0000000
o0dboboobobobobobooono vargooa
goooOooOOooOo. O0,0b00b00ob0Oo,00oon
gobooobogno vaROOOODOODO.

000d00oooooooooog. 2000 ¢-Gauss
000000000 Box-Muller 00O OODOODO. 3
000,VaROODOO ¢-Gauss OO O OOOOOODO
0000o00ood, ¢Gauss0OODO0ODOOOODODO
000oo0oDooOo vaRODDODOODDOOODOO. 400
O¢GaussOOO0ODOO0ODOODOOODOOODO. 5
000o00obOooooooooooboo obooo
00od0oo0oo0ooooooooooDoooooooon
obobooooob.eb0ObOOobOOO.

2 ¢-GaussU 0O ¢g-Gaussian [ [
00

2.1 q¢-GaussU U

b, 00ooooobooobbooooboooon
000 ¢-Gauss0OOOODOO [1). OO0, ¢-000
gboooobdobo g-0obobooboobon.

1—q _ 1
Tng(2) =

Il
8
\%
o
—~~
—_
~—



(2)

oo ] I —ga™i, 1+ —ge=0
- 0, else

0000,¢00000000 ¢-GaussO0OOO0ODO
ooooo.
p(x; fig, 5q) =

= Aq‘ /quq_Bq(z_ﬁq)z.

OO00O,escot 00000, ¢-00 g0 ¢-00 64,0
gooooooo.

TTo(e)jodz )

g = (T)q fx[p(x),]lqdw

[ (@ = iy [p(@)) de
Mp@)ide

000, ¢Gauss000000O0000O0O 4,0 B,
oooooooo.

Ilg]

(6)

G = ((v— ﬁq)2>q

1—q
eV !
Aq = \fl;7 q= 1 (7)
F[%l q—1
= = 1<qg<3
M) V7 1

By =[(3-q)og]™" g€ (~00,3). (8)

00000000000, fig=a, 5, =5b0000
¢-Gausstan D00 0:X 0, X ~ Ny(a,b) 00000,

2.2 ¢-GaussianOOOOOOQOO

¢-Gauss U000 D0O0O0ODO,O000 Box-Muller
ooobooobooooooboboboboooooo
3. DOOOO,000 (0,1))000000 Uy, U0
oooooooooooboobooooobooo.

Zy =/ —2In, (Ur)cos(2mUs)
Zy = /=2 (Uy)sin(27Us).

000,Z;, 2, 0000000000,Z;, Zy ~ Ny(0,1)
(000,¢=%=1)000. 000, 7~ Ny(0,1)00
000,aZ+b~ N,(a,)000000000,000

¢-Gaussian 0 00000000 OOOOOO.

(9)
(10)

Agy/By[1 + (g = 1) By(x = jig) /177
(3)
(4)

3 VaRUOUOQO

oobooooooooobooo,0ooobooooon
o00. 000000000000 ¢-GaussOOODO
ooo,000000000000000000000
gbobooooooooooo,0ooobobooooon
oooD.00,00000000000 Value-at-Risk
(VaR)OOOO,00000000000000 VaR
oooooo. 100e%VaR O, 00000000000
oO0oooooD 10000000000, 0000
00000 ¢-Gauss 00O O0OOO0O000DO:02000
g.gboo,0booobo,cobobOobon.

o? = Aq\/Bq/ 2?14 (¢ — 1)Ba?)V/ =D dy

33 1
22 g¢-1

A (3—q)(qg—1)*?a2B(

O0,1%VaROOOODO:AO0D0D000000000DO.

h
001 = Aq«/Bq/ [1+ (¢ — 1)Bya?)V/ =Dy
A, 11 1
- 2‘m6(2’_2+q—1>
L g la=DB* 1 11
1+(g—1)Bh2 2 2 ¢-1

oo0DbDO0oO0DbD vaROODOODOOOOOOO1000.
00000 vaROOOOO0OO0O0OO0O0O0O0O0O0DOOO
oo0oo0oO0o0,00000000 vaROOOOODO
gbooobooooooooobo.ooobooo,onbon
gbooooooooooooooooboooooon.
oo0ooDOoo0oOoooD vaROOOOODODOO.

18

"AMAdat  +

ot
1 f
FELH
T T A I LR L e, e
16 T o o ey ey
b R
i L AR
£+ 1&:;
ORI DR A R
f hthy
14+ o % iy
AR
For Y it
R asna 4
] AT iy
{ b A R
o 12T NI NEN(a) o it
2 Hh e S
< i R L
= T ER e A
s T b e
> 1 ﬁwﬁﬁ#ﬂ” HF S
o P e S etk
LS e SR i
1

08

06

10 11

01 00:00,00:VaR.qOOODO 14<g<150
oo.

(13)

)|

(14)



4 ¢-Gaussian 0000

000 Box-Muller OO0 DO OODOODOO ¢-Gauss O
0000000000000000 ¢,484,6,0000
00,00000000D00D00000ODOO vak
oooooooooooo. x(=1,2,---,n)0 ¢
Gaussian 000000, f(x) O ¢-Gaussian 00 OO
goodoooo,gobboboboboooooooood
gobooooooboooooooog.

n
(q, fiq,64) = argmax In (Hf(xﬂ) (15)
@ hq,04 =1

020 ¢-Gaussian 00000000, 000 300
0000 1,000, (q,fg,04) = (1.4,0,1) O ¢g-Gaussian
goobooooo,oboobooooouooboood
00o0ooooooooooooo,ooono 400
0000000 (Fz) = [° f(s)ds) 000000
gooooo. bbbobbboboboooo 1,00000
0o0oooooo0O VvaROOODODODDODOOOOOOd
goooo. oo 300, boo0ouoonobooo
dooooooooobbbbbbooooooooo
VaRODODODOOOOOOOOOOO. OO0 500
ooDbO0o0gol4vaRODOOOODOOODDOOOO
O0.000011000260000000000 (OO
100)0000,00 VaROOOOO VaROOOOO
0 (]0.1%VaRyrue — 0.1%VaRempiricar|) 0000000
5000 00000000000 b0.O0bDbOOoOoobooOO
Jooooooooobobobobobbboooooooo
gogod.

" jikeiretu

0 2: ¢-Gaussian OO0 OO0 O0O0O.

L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000

0.5

estimate
empirical -------
true -~

0.3

0.2

0.1

0 ) Ap L h
-10 -5 0 5 10

03 00o0ooobbo.oobooo,0co0ooboog,o
ggbgooooog.

VaR
VaRemp -------
VaRtrue --------

0.1

0.001

0.0001 L L L L

0 2 4 6 8 10
04 000000000 0O. OO0 log-scale 00O
ggo. ogoog,0boobbo,gobboooboo
gogo.

T
error

18 [

16

14

12+

error

06

0.4

| | | L
0 500 1000 1500 2000 2500 3000
timeseries length

05 000000 VaROOODOOOOOOO00O00OO.



5 HUuooon

oobooooooo,booooooooboooon
obooo0ooogo, 00000000000 vaROO
oooO.oobooboo,coboooooooooon
000 2000/1/400 2010/10/220 00000000
oobooooooooobooooobo,oo0bobocoooon
oooooooooobobo.orbOo,00b0o00oon
00000 ¢-GaussOOOOODOOODOOOOOO
ob. 00ob800,000000D000000 VaR
g, gboooooooobobobobobobob
gboooboo.bobobooboobobo,boob
oooo,00b0000oooobobooboono vaRbo
googooooooon.

ji‘keiretu

U6 000bo0ooobooooooobo.

L L L L L
0 500 1000 1500 2000 2500 3000

0.7 -
estimate
empirical -------

0.6

05

0.4

03

02

0 L L = "
-10 -5 0 5

g rnooboooobo. oobooo,oboooogon
goooo.

0.1

0.01

0.001

0.0001
0 2 4 6 8

08 0D000D0OO00DO0O. 000 log-scaled0O0O
gbo.obooo,00booboooboooboon.

6 OO

ooo0o,00000000 VaROOOO, ¢-Gauss
gboooooobooooooboooo. ooo,
gboboooooooooboobobobooooon
oo00O0o0o0. 00,000 Box-MullerOOOOQOO
000 ¢-Gaussian OO0 OO OOOOOOOOOOO,
gboooooo.obo,cobooooooboobn
oooOooo0O vaROOOOODOOOOO. O0O0,0
o00DOo0o0o0ODOO0o0o0oDO0O vaROOOOO.

00

gbobobooboooooooboobobooban
gbo.0boocoooboobooooobobo,ooon
gboboooooooooooboobobooooon
gboboooooo,bo00obo0ooboooooon
gboooooo.

good

[1] Gell-Mann M., Tsallis C.: Nonextensive En-
tropy:Interdisciplinary Applycations, Ozford Univer-
sity Press, (2004)

[2] Beck C., Cohen E.G.D.: Superstatistical general-
ization of the work fluctuation theorem, PhysicaA,
Vol. 334, pp. 393-402 (2004)

[3] William J. Thistleton, John A. Marsh, Kenric Nel-
son , Constantino Tsallis: Generalized Box-Muller
Method for Generating g-Gaussian Random Devi-
ates, IFEFE Transactions on Information Theory,
Vol. 53, No. 12

10





